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Optimal state for keeping referene frames aligned and the Platoni solids
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(Dated: O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The optimal N qubit states featuring highest sensitivity to small misalignment of artesian refer-
ene frames are found using the Quantum Cramér-Rao bound. It is shown that the optimal states
are supported on the symmetri subspae and hene are mathematially equivalent to a single spin
J = N/2. Majorana representation of spin states is used to reveal a beautiful onnetion between
the states optimal for aligning referene frames and the platoni solids.
PACS numbers: 03.67.Hk, 03.65.Ta
I. INTRODUCTION
Ameaningful ommuniation requires a ommon frame
of referene between the sender and the reeiver. De-
pending on the nature of transmitted information, dier-
ent types of referenes are needed e.g. a ommon time
referene, phase referene, diretion referene, artesian
frame of referene et. Establishing a ommon frame an
be ahieved by sending a physial system prepared in a
proper state e.g. a lok, a gyrosope, whih allows two
parties for aligning, and alibrating their devies aord-
ingly.
The quality of the alignment depends on the quality in
whih the relevant information is enoded and deoded
from the physial system. Roughly speaking, the higher
is the relevant signal to noise ratio in the system the bet-
ter is the alignment. When looking for fundamental limi-
tations on the preision of alignment, quantummehanis
provides ultimate bounds on the signal to noise ratio aris-
ing from unavoidable unertainty inherent in any quan-
tum measurement. The problem of optimal alignment
is thus the following: under given physially motivated
restritions, e.g. nite number of partiles, limited en-
ergy, et. nd the state and the measurement that yield
alignment with the highest auray possible.
Mathematially the problem may be formulated as fol-
lows. Consider a quantum system (in partiular the
system may onsist of many opies of smaller subsys-
tems) and let |ψ〉 be a quantum state prepared by one
of the parties. After being sent to the seond party,
whih uses a dierent referene frame, the evolution of
the state may be desribed by a unitary representation
Ug, where g ∈ G is an element of a group desribing pos-
sible transformation of referene frames, e.g. G = U(1)
(phase), G = SU(2)/U(1) (diretion), G = SU(2) (arte-
sian frame). The transmitted state |ψg〉 = Ug|ψ〉 is sub-
sequently measured be the seond party in order to es-
tablish the relation between its own referene frame and
that of the rst party. The measurement is desribed
by a set of positive operators Πξ ≥ 0,
∑
ξ Πξ = 1 . De-
∗
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pending on the result obtained, a guess g˜ξ (the estima-
tor funtion) is made onerning the true value g of the
group element responsible for the transformation of the
state. Finally a ost funtion C(g, g˜) should be dened
penalizing for inaurate estimation of g. The problem
is solved one the state and the measurement is found
minimizing the average value of the ost funtion (for
a review see e.g. [1℄). From a physial point of view
any reasonable ost funtion should be both left invari-
ant: C(hg, hgξ) = C(g, gξ) whih makes this funtion
sensitive only to relative transformation of the state, and
right invariant C(gh, gξh) = C(g, gξ) whih an be seen
as independene from bakground referene frame trans-
formations. It an be shown [1, 2℄ that suh a ost fun-
tion an always be written as
C(g, gξ) =
∑
q
cqχq(g
−1
ξ g), (1)
where cq are arbitrary oeients and χq are haraters
of the group G.
Two dierent approahes to estimation problem are
most often pursued. (i) In the global approah one as-
sumes the omplete ignorane about the atual value of
g  in mathematial terms one assumes an a priori proba-
bility distribution p(g) to be uniform with respet to the
Haar measure on G. The quantity to be minimized is:
C¯(g) =
∫
dG
∑
ξ
〈ψg|Πξ|ψg〉C(g, g˜ξ), (2)
where dG denotes the normalized Haar measure. (ii) In
the loal approah one assumes that the group element is
lose to the known value g and the goal is to nd a mea-
surement and the estimator featuring the highest sensi-
tivity to small variations of g. Let g(θ) be a parametriza-
tion of the group with p real parameters θ = (θ1, . . . , θp).
Sine we onsider only small variations of group elements,
a ost funtion an be well approximated by a quadrati
form G:
C(g(θ˜), g(θ)) ≈ (θ − θ˜)TG(θ − θ˜).
We need to nd a state |ψ〉, a measurement Πξ and an
estimator θ˜ξ minimizing:
C¯(g(θ)) =
∑
ξ
〈ψθ |Πξ|ψθ〉(θ − θ˜ξ)
T
G(θ − θ˜ξ), (3)
2global approah loal approah
phase diretion artesian phase diretion artesian
N qubits PJ
m=−J αm|J,m〉,
[10℄
PJ
j=0 βj |j, 0〉, [11℄ |J, J〉 +
PJ−1
j=0 γj |ej〉, [12℄ |J, J〉+ |J,−J〉, [13℄ |J, 0〉 see Table II.
spin J = N/2 |J, J〉, [14℄ |J, J〉, [14℄
TABLE I: Summary of known results in the eld of optimal alignment of referene frames. The table presents the optimal
unnormalized states for enoding phase, diretion and artesian frame of referene, where αm, βj , γj are nonzero and they
spei values depend on the ost funtion hosen. For simpliity we assumed N is even. When writing states of N qubits
we use the notation orresponding to deomposition Eq. (6). When writing states of N qubits we use the notation whih is in
agreement with the following deomposition of N fold tensor produt of single qubit Hilbert spae: H⊗N = LN/2j=0 Hj ⊗ Cdj ,
where Hj arries 2j+1 dimensional irreduible representation of SU(2) while Cdj is dj dimensional multipliity spae reeting
the existene of multiple equivalent representation with the same j. The state |ej〉 is an maximally entangled state in Hj⊗Cdj ,
while by |j,m〉 we mean a produt state |j,m〉 ⊗ |ξ〉 ∈ Hj ⊗ Cdj , where the form of the state |ξ〉 does not play any role. In
the loal approah there is no advantage in using N distinguishable qubits to using N qubits in a fully symmetri state or
equivalently a single spin J = N/2. This paper presents the optimal states for artesian frame alignment in the loal approah
(see Tab. II).
where |ψθ〉 = |ψg(θ)〉 (in what follows we will write θ
instead of g(θ) to simplify the notation). Fortunately,
in the loal approah the quantum Cramér-Rao inequal-
ity [3℄ gives a lower bound on the minimal ost with-
out the need of optimizing over estimators and measure-
ments. For an arbitrary measurement and any unbiased
estimator (i.e the one whih average value over measure-
ment outomes yields the true value) the ost funtion is
bounded by:
C¯(θ) ≥ Tr(GF−1)/n, (4)
where n is the number of repetitions of an experiment
and F is the Fisher information matrix, whih for the
ase of pure states an be expliitly written as:
F ij = 4Re(〈ψθ,i|ψθ,j〉 − 〈ψθ|ψθ,i〉〈ψθ,j|ψθ〉), (5)
where |ψθ,i〉 =
∂|ψθ〉
∂θi
. For the single parameter estima-
tion (p = 1) the Cramér-Rao bound is tight [3℄ at least
asymptotially for n → ∞. In the multiparameter ase,
due to potential non-ommutativity of optimal measure-
ments for dierent parameters, the bound is not always
ahievable. In the ase of pure states, however, the bound
is indeed tight provided the following ondition holds [4℄
Im〈ψθ,i|ψθ,j〉 = 0. As will be seen later in the paper,
in the problem of the artesian referene frame align-
ment, the states minimizing right hand side in Eq. (4)
indeed satisfy the above ondition. This justies the use
of Cramér-Rao inequality as a tool for looking for the
optimal states for artesian referene frame alignment in
the loal approah.
Let us rst briey remind the known results in quan-
tum estimation theory onerning the referene frames
alignment. The two most ommonly used physial sys-
tems for this purpose are: the system of N distinguish-
able qubits (physially equivalent to N spins 1/2 or po-
larization states of N photons traveling in separate time-
bins), and the system of N qubits in a fully symmetri
state (bosoni states, e.g. polarization states of photons
traveling in a single time-bin). Tab. I lists the optimal
states for phase, diretion and artesian frame enodings,
both when using N distinguishable qubits and when us-
ing them in a fully symmetri state or equivalently using
a single spin J = N/2.
This paper lls the missing gap by presenting the op-
timal state for referene frame alignment in the loal ap-
proah [15℄ and gives an intuitive piture of the states
using Majorana representation [5℄. Moreover we prove
that in the loal approah distinguishability of the qubits
gives no advantage over the use of N qubits in the fully
symmetri state or a single spin J = N/2  a fat known
for phase and diretion referene alignment.
II. OPTIMIZATION
Let us onsider the most general pure state |ψ〉 ∈ H⊗N
of N distinguishable qubits. Using a deomposition of
H⊗N =
N/2⊕
j=0
Hj ⊗ Cdj , (6)
where Hj arries 2j+1 dimensional irreduible represen-
tation of SU(2) while Cdj is dj dimensional multipliity
spae reeting the existene of multiple equivalent rep-
resentations with the same j, we an write the state as
|ψ〉 =
∑N/2
j=0 αj |ψ
(j)〉 where |ψ(j)〉 is an arbitrary state in
Hj⊗Cdj (for N odd the summation starts from j = 1/2).
Transmission of the state to a dierent artesian frame
yields the output state of the form: |ψθ〉 = Uθ|ψ〉,
where Uθ is the tensor representation of SU(2) ating
on H⊗N . Choosing a onvenient parametrization of the
SU(2) group g = exp(iθJ) the output state reads:
|ψθ〉 =
N/2∑
j=0
αj exp(iθJ
(j))⊗ 1 dj |ψ
(j)〉, (7)
3where J
(j) = (J (j)x ,J
(j)
y ,J
(j)
z ) is the angular momentum
operator in the spin j representation. Without losing
generality we may assume that we study sensitivity of
referene frame alignment around θ = 0.
Aording to Eq. (1), when estimated θ˜ diers from
the true θ = 0, the general ost funtion reads
C(θ˜) =
∑
j
cjTr[exp(iθ˜J
(j))].
Making use of the fat that angular momentum opera-
tors are traeless and orthogonal in the Hilbert-Shmidt
metri, expansion of the ost funtion up to the seond
order yields C(θ˜) ∝ ‖θ˜‖2, where the proportionality on-
stant depends on cj oeients. Hene the quadrati
form G (see Eq. (3)) is proportional to identity in this
parametrization.
Aording to the Cramér-Rao bound [Eq. (4)℄, opti-
mal states are the ones for whih TrGF
−1
is minimal.
Sine G ∝ 1 , the problem simplies to nding the states
whih minimize TrF
−1
. Using Eq. (7) the Fisher matrix
[Eq. (5)℄ in our parametrization reads:
F ik = 4
(
1
2
〈ψ|JiJk + JkJi|ψ〉 − 〈ψ|Ji|ψ〉〈ψ|Jk|ψ〉
)
,
(8)
where i, k = 1, 2, 3 and J = ⊕
N/2
j=0J
(j)⊗ 1 . Note that the
Fisher matrix F is proportional to the spin ovariane
matrix for the state |ψ〉. The problem of minimization
of the average ost funtion is thus equivalent to min-
imization of the sum of inverse eigenvalues of the spin
ovariane matrix.
Sine the harmoni mean is always smaller that the
arithmeti mean we get the following inequality:
TrF
−1 ≥ 9/TrF , (9)
with equality if and only if F ∝ 1 . Notie that TrF =∑
i〈ψ|J
2
i |ψ〉 − 〈ψ|Ji|ψ〉
2
, and is thus bounded
TrF ≤
N/2∑
j=0
|αj |
2j(j + 1) ≤ J(J + 1), (10)
where J = N/2. States whih yield equality in the above
equation with equal varianes of all Ji operators guaran-
tee equality in Eq. (9) and thus are optimal. Hene, we
need to nd states with varianes ∆Ji = J(J + 1)/3 =
N(N + 2)/12. Notie that if suh states exist they have
to be states from the fully symmetri subspae j = N/2.
If we nd suh states, we simultaneously prove that using
other subspaes with j < N/2 is not helpful, and hene
distinguishability of qubits is useless.
III. MAJORANA REPRESENTATION
To look for the optimal states in the fully symmetri
subspae, we will make use of the Majorana represen-
tation, whih provides a beautiful geometrial piture of
symmetri states. Every symmetri state |ψ〉 an be writ-
ten as a symmetrized produt state [5, 6℄:
|ψ〉 = N
∑
σ∈SN
|~nσ(1)〉 ⊗ |~nσ(2)〉 ⊗ · · · ⊗ |~nσ(N)〉, (11)
where the summation is performed over all permutations
of N elements, N is a normalization fator, and |~n〉 is a
single qubit state with Bloh vetor pointing in ~n dire-
tion. The orrespondene between symmetri states and
produt states is one to one, and as a result we may repre-
sent a symmetri state uniquely asN points on the Bloh
sphere. This is the Majorana representation of a symmet-
ri state. Obtaining a symmetri state from a produt
state is straightforward, going in the reverse diretion
is less trivial and one has to proeed as follows. In-
stead of a Bloh vetor ~n = [sin θ cosφ, sin θ sinφ, cos θ],
we may use a stereographi projetion and parameter-
ize a single qubit state with a single omplex number
z = e−iφ cot θ/2, where z = ∞ for θ = 0. Let |z⊥〉 be a
state orthogonal to |z〉. For a given state
|ψ〉 =
N/2∑
m=−N/2
am|N/2,m〉
the overlap 〈z⊥|⊗N |ψ〉, up to an irrelevant funtion of z
having no roots, is proportional to the Majorana polyno-
mial:
N/2∑
m=−N/2
(−1)k
(
N
N
2 +m
) 1
2
amz
N
2
+m
(12)
By the fundamental theorem of algebra, every polynomial
an be uniquely fatored. Thus for eah symmetri state
there exist a unique set of N omplex numbers omposed
of N˜ roots of the Majorana polynomial {z1, z2, . . . , zN˜}
supplemented by N − N˜ element set of∞ that yields the
produt state |z1〉 ⊗ |z2〉 ⊗ · · · ⊗ |zN 〉.
Note that under the ation of SU(2) group on a
symmetri state the orresponding points in the Majo-
rana representation are rotated as a rigid solid. Hene,
when looking for the optimal state for referene frame
alignment in the Majorana representation we intuitively
should look for set of N points on the Bloh sphere whih
are the most sensitive to arbitrary rotation. What
omes naturally to mind, is to take as Majorana points
verties of the most symmetri solids i.e. the platoni
solids. Amazingly, all ve Platoni solids  tetrahe-
dron N = 4, otahedron N = 6, ube N = 8, iosa-
hedron N = 10, dodeahedron N = 20 yield varianes
∆Ji = N(N + 2)/12 (this was observed in [7℄ and the
orresponding states were named anti-oherent). Hene
in the fae of previous disussion the anti-oherent states
are optimal for artesian referene frame alignment. An-
alyzing the geometrial struture of the optimal states
obtained from Platoni solids one an easily generalize
for other values of N . Table II presents states written
4as a simple generalization of the platoni solids states,
whih provide optimal states for referene frame align-
ment for every even N ≥ 4. Notie that for some N you
may nd optimal states in many dierent lasses. The
state orresponding to the lowest allowed N in eah lass
orresponds to the perfet solid state.
lass name state |ψ〉
tetrahedron
q
N+2
4N+2
| −N/2〉 +
q
3N
4N+2
|N+2
6
〉
for N mod 6 = 4, N ≥ 4
otahedron
1√
2
| −
q
N(N+2)
12
〉+ 1√
2
|
q
N(N+2)
12
〉
for
q
N(N+2)
12
∈ N, N ≥ 6
ube
q
N+2
6N
|−N
2
〉+
q
N−1
N
|0〉+
q
N+2
6N
|N
2
〉
for N ≥ 8
iosahedron
α| − N
2
+ 1〉 +√1− α2|0〉 + α|N
2
− 1〉
for α =
q
N(N+2)
6(N−1)2 N ≥ 10
dodeahedron
1
2
| − N
2
〉+ α| − N
4
〉+ β|0〉 + α|N
4
〉+ 1
2
|N
2
〉
for α =
p
2/N , β =
p
N − 8/2N
N mod 4 = 0, N ≥ 20
TABLE II: The states for even number N of qubits derived
from Platoni solid state, optimal for loal estimation of ref-
erene frame.
The Majorana representation of state presented in
Tab. II are shown in Fig. 1. We do not laim to present
all lasses of optimal state for referene frame alignment
and it seems from numerial alulations that they are
innitely many of them. This is ompletely dierent from
diretion referene alignment ase where |J, 0〉 is the only
optimal state. For odd N analogous states perform op-
timally, e.g. in ube, iosahedron, dodeahedron lasses
one only needs to replae |0〉 state with |1/2〉 or | − 1/2〉
state and adjust weights to make the ovariane matrix
diagonal with ∆Ji = N(N + 2)/12.
We should also mention that for and only for N = 1,
N = 2, N = 3, N = 5 there are no pure states yielding
a diagonal ovariane matrix with ∆Ji = N(N + 2)/12.
In these ases the optimal states have to be found by di-
retly maximizing the sum of inverse eigenvalues of the
Fisher information matrix, whih an be easily done nu-
merially.
IV. CONCLUSIONS
In this paper we have found the optimal states for
aligning artesian referene frames in the approah where
deviations from perfet alignment are small. Using
Cramér-Rao bound we have shown that the problem sim-
plies to the searh for N qubit states with diagonal spin
ovariane matrix with maximal possible varianes of all
three spin omponents ∆Ji = N(N + 2)/12. We have
used the Majorana representation where Platoni solids
orrespond to the optimal states, and proposed lasses
HaL Tetrahedron type
N=4 N=40
HbL Octahedron type
N=6 N=96
HcL Cube type
N=8 N=100
HdL Icosahedron type
N=12 N=100
HeL Dodecahedron type
N=20 N=160
FIG. 1: (Color online) Majorana representation of Platoni
solid lasses of optimal states for loal estimation of referene
frame. Points on the poles in the right side pitures of a) and
b) are degenerate.
of states optimal for arbitrary high number of qubits N .
As a byprodut we have also proven that distinguisha-
bility of qubits is useless for artesian referene frame
alignment in the loal approah.
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